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Abstract 

Interval minors of bipartite graphs were introduced by Jacob Fox in the study of 
Stanley-Wilf limits. Recently, Mohar, Rafiey, Tayfeh-Rezaie and Wu investigated the 
maximum number of edges in Kf ~/-interval minor free bipartite graphs when k = 2 and 
k = 3. In this paper, we investigate the maximum number of edges in A*, ^-interval 
minor free bipartite graphs for general k and i. We also study the maximum number 
of edges in -interval minor free multipartite graphs. 
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1 Introduction 

All graphs in this paper are undirected, finite and simple. We refer to [3j for undefined 
graph theoretical notation and terminology. For a vertex v in a graph G, Nq(v) denotes 
the set of vertices in G adjacent to v, called the neighborhood of v. The degree of v in G 
is da(v) = |iV(y(u)|. If X,Y are two disjoint vertex subsets of G, then [X, Y]g is the set 
of all edges with one end in X and the other end in Y. 
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We follow [Q] for the definition of linear orderings of sets. Throughout this paper, we 
use (A, <^ 4 ) to denote a linearly ordered set A with a linear ordering <^ 4 . For notational 
convenience, we often use A to denote {A, <a) without explicitly mentioning <^ 4 ; and when 
it is clear from the context, we sometimes omit the subscript A in the linear ordering <^ 4 . 
Two elements u and v are consecutive in the linearly ordered set A if u < v and there is no 
vertex w € A satisfying u < w < v. By an ordered multipartite graph (G; Ai, A 2 , ■ ■ ■ , A t ), 
we mean a t-partite graph G with partite sets A\,A 2 ,--- ,At where for each i with 1 < i < 
t, (Ai, <Ai) is a linearly ordered set. All multipartite graphs in this paper are ordered and 
so, for simplicity, we usually say multipartite graph G instead of ordered multipartite graph 
(G; Ai, A 2 , ■ ■ ■ , A t ). By identifying two consecutive vertices u and v to a single vertex w 
in G, we obtain a new ordered bipartite graph G' such that Nq/(w) = Nq(u) U Nq(v). 

Two ordered bipartite graphs G and H are isomorphic if there is a graph isomorphism 
G —>• H preserving both parts, possibly exchanging them, and preserving both linear 
orders. They are equivalent if H can be obtained from G by reversing the orders in one 
or both parts of G and possibly exchange the two parts. 

If G and H are ordered bipartite graphs, then H is called an interval minor of G if 
a graph isomorphic to H can be obtained from G by repeatedly applying the following 
operations: 

(IM1) deleting an edge; 

(IM2) identifying two consecutive vertices. 

The operation (IM2) can also be considered as an operation on linearly ordered sets. 
Let (A, <a) be a linearly ordered set with a linear ordering 01 <a 02 ■ ■ • , <a CL n . 

Then for any i with 1 < i < n, ai,ai+\ are two consecutive elements in A. We shall adopt 
the notational convention of viewing the operation (IM2) that identifying a* and 1 as 
a mapping </> : A A' = A — {aj+i} by defining (f>(ai) = a* = </>(aj + 1 ) and 4>(aj) = aj for 
each j jtz i,i + 1. Thus A! = (j>(A) has a natural linear ordering a± <a cl 2 <a ■ ■ ■ <a Oj <A 
a ,+2 <A • • • <A CLn inherited from the linear ordering of A. We adopt the convention to 
view A! as a linearly ordered subset of A, and to denote this fact by A' C A. 

If H is not an interval minor of G , we say that G avoids H as an interval minor or 
that G is H-interval minor free. Let ex(p, q, H ) denote the maximum number of edges in 
a bipartite graph with parts of sizes p and q which avoids H as an interval minor. 

In classical Turan extremal graph theory, one asks about the maximum number of edges 
of a graph of order n which has no subgraph isomorphic to a given graph. Motivated by the 
problems in computational and combinatorial geometry, the authors in [SUSIE! considered 
Turan type problems for matrices which can be seen as ordered bipartite graphs. In the 
ordered version of Turan theory, the question is: what is the maximum number edges of 
an ordered bipartite graph with parts of size p and q with no subgraph isomorphic to a 
given ordered bipartite graph? For more details on this problem and its variations, we 
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refer to As another variation, interval minors were recently introduced 

by Fox in [6] in the study of Stanley-Wilf limits. Fox obtained exponential upper and 
lower bounds for ex(n,n, K^). 

Recently, Mohar, Rafiey, Tayfeh-Rezaie and Wu DU investigated the maximum number 
of edges in ^-interval minor free bipartite graphs when k = 2 and £ = 3. In this paper, 
we study the maximum number of edges in ^-interval minor free bipartite graphs for 
general k and £. We also study the maximum number of edges in -fQj ... ^-interval minor 
free multipartite graphs. Our idea is from HU- 

Unless otherwise stated, we in this paper assume that 0 < £\ < £2 < ■ ■ ■ < 1% 
are integers. For notational convenience, we define m(p,q,k ,£) = ex(p,q,Kk/), and 
, nt, £\, £ 2 , ■ ■ ■ , £t) = ex(n\, ri 2 , • • • , rif, ^ t ). The following observation 

is immediate. 


Observation 1 Let (G;A,B) be a bipartite graph with |A| = p and \B\ = q, and let k,£ 
be two positive integers. 

(1) If is an interval minor of (G] A, B), then 

min{£;,^} < min{p, q} and rna x{k,£} < max{p, q}. 


(2) If min{p, q} < min{k,£} or max{p, g} < max{fc,f}, then ( G;A,B ) is K^^-interval 
minor free, and 


m(p, q, k, £) = pq. 


The main results are the following theorems, whose proofs are presented in Sections 2 
and 3, respectively. 


Theorem 1 Let k and £ be two positive integers with k < £, and let p and q be two positive 
integers. 

(1) If k < p < £ — 1, then 

m(p,q, k,£) = (£ — 1 )(p - k + 1 ) + q(k - 1 ). 

(2) If p = (£ — k)r + e, where k — 1 < e < £ — 2, then 

m(p , q, k,£) = (£ — l)(p — k + 1 ) + q(k — 1 ). 


Theorem 2 Let n\, n2, ■ ■ ■ ,nt bet positive integers, and £\, £2, ■ ■ ■ ,£t bet positive integers 
such that n\ < U2 < ■ ■ ■ < nt, £\ < £2 < ■ ■ ■ < £t- If ni < £i +1 for 1 < i < t — 1 , then 

, n t , £\, £2, ■ ■ • ,£t) = I ^ n k \ - (£ 2 ~ l)ni + (n 2 - £2 + l)(^i - !)• 


^2 = 1 
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2 Proof of Theorem [T| 


Throughout this section, we assume that p, q, k, £ are positive integers. The purpose of 
this section is to determine the value of m(p, q , k, £) and to complete the proof of Theorem 
[U Let ( G;A,B) be an ordered bipartite graph where 

A has a linear ordering a\ <^4 a 2 <a ■ ■ ■ <a o, p and (2-1) 

B has a linear ordering b\ <b 62 <B • • ■ <b b q . 

The vertices ai and b\ are called the bottom vertices whereas a p and b q are the top 
vertices. 

Lemma 1 Suppose that p > k. Then 

m(p, q, k,£) < {£ - 1 )(p - k + 1) + q(k - 1). 

Proof. Suppose first that k is even. For k/2 < i < p — k/2, we define Xi = {bj £ B : 

there exists i\ < 12 < ■ ■ ■ < i/ c / 2 < i < ik/ 2+1 < ■ ■ ■ < ik such that for every h with 

1 < h < k, ai h bj,aibj £ E(G)}. 

If for some i, \Xf\ > £, then by performing operations (IM1) and (IM2) to identify 
vertices in A and deleting the resulting all but one edge in each resulting parallel class of 
edges after the vertex identification, we will obtain a JF^-interval minor of G, contrary 
to the assumption. Hence for every i with k/2 < i < p — k/2, we have |Xj| <1—1. As 
there are k — 1 vertices in A — {ai : k/2 < i < p — k/2}, every bj £ B appears in at least 
d(bj) — k + 1 sets in {X,; : | <i<P~ §}• Thus 

q P~ I 

|[-®) Sik/2<i<p-k/2^i]G\ < — k + 1) < ^ \Xi\ < (p — k + 1)(£ — 1). 

i =1 i-k 

2 

It follows that \E(G)\ = \[B,U k / 2 <i< p -k/ 2 ^i]G\ + \[B,A- U k/2<i< P -k/2^i\G\ < {p ~ k + 
l)(£-l)+q(k-l). 

Suppose that k is odd. For < i < p — we let Xi = {bj £ B : there exists 

ii < *2 < • • • < i k -1 < i < ik +1 < • • • < ik such that for every h with 1 < h < k, 
2 2 

ai h bj,aibj £ E(G)}. With a similar argument as for the case when k is even and by the 
assumption that G is AT^-interval minor free, we conclude that for each i with < 
i < p — \Xi\ <1—1, and that every bj £ B appears in at least d(bj) — k + 1 sets in 

„ fc-i 

q p 2 

{Xi : <i < p-^-}. It follows from ^~'(d(bj) — k+ 1) < \Xi\ < (p—k+l){£— 1). 

i=l j-k +1 

that |F 1 (G)| < (p — k + 1){£ — 1 ) + q{k — 1 ). I 
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Example 3 Let ( G,A,B ) be a bipartite graph with the ordered partite sets A and B as 
defined in \2.1\) and with 

E(G) = {afij 11 < i < p, 1 < j < £ - 1} (2.2) 

U {a ih bj \£ < j < q, 1 < h < k - l,i h £ {1,2, — ,p}}. 

(As the edges in E(G ) vary as the choice of i^ changes, ( G\A,B) defined this way rep¬ 
resents a family of ordered bipartite graphs. We shall use (G; A, B ) to denote any one in 
this family as well. ) 

Lemma 2 Let p and q be positive integers, and let k < p and £ < q be two positive integers 
with k < p < £ — 1. Then 

(i) The graph ( G,A,B ) defined in Example^ is ^-interval minor free. 

(ii) m(p, q, k,£) > [£ — l)(p — k + 1) + q(k — 1). 

Proof. Let ( G;A,B ) be the ordered bipartite graph defined in Example [2 Then direct 
computation yields \E(G)\ = {£ — 1 )p + (q — £ + 1 )(k — 1) = (£ — l)(p — k + 1) + q(k — 1). 
Thus (ii) follows from (i). 

We argue by contradiction to prove (i) and assume that G has a complete bipartite 
graph ( H]A r ,B') as an interval minor with k = \A'\ < \B'\ = £. By the definition of an 
interval minor, we have either A! C B and B' C A, or A' C A and B' C B as linearly 
ordered subsets. If A' C B and B' C A, then £ = \B'\ < |v4| = p, contrary to the 
assumption that p < £ — 1. Thus we must have A! C A and B' C B. 

If B' n {bn, bn- )-i, ■ ■ ■ , b q } 0, then there exists a smallest t with £ < t < q such that 

bt € B'. By (|2.2I) . performing (IM2) to identify consecutive vertices in B will not increase 
the number of vertices adjacent to bt, and so bt is adjacent to at most k — 1 vertices in A', 
contrary to the fact that H = K^ n- Hence B' C { 61 , 62 , • • • , 6 ^_ 1 }, and so \B'\ < £ — 1, 
contrary to the assumption that \B'\ = £. Thus (i) must hold, and so the lemma is justified. 
I 

Let ( G]A,B ) and ( G';A',B') denote disjoint ordered bipartite graphs satisfying the 
following conditions. 

• A has ordering a\ < 02 <■■■< a p , A’ has ordering a{ < a' 2 < ■ ■ ■ < a' r , B has 
ordering 61 < 62 < • • • < b q and B' has ordering b\ < 6 { < • • • < 6 ), where p, q,r,t > k — 1. 

• atbj £ E(G) for each a* (p — k + 2 < * < p) and each bj (q — k + 2 < j < q), 
and a'fil £ E(G) for each a[ (1 < i < k — 1) and each 6 ) (1 < j < k — 1), where 
a p -k+ 2 , flp-fc+ 3 , ■ ■ ■ , ap and b q -k+ 2 , b q -k+ 3 , ■ ■ ■ ,b q are the first k — 1 top vertices of A and 
B, respectively, and a \, a ' 2 , ■ ■ ■ , a' k _ 1 and 6 {, b' 2 , • ■ ■ , 6 , fc _ 1 are the first k — 1 bottom vertices 
of A' and B ', respectively. 
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Denote by G ® G' the ordered bipartite graph obtained from (G U G r , AU A', B U B') 
by identifying a p - k +i with a' i _ 1 and b q _ k +i with b\_ x , where 2 < i < k, and the linear 
orders of A U A! and B U B' are such that the vertices of G' precede those of G. The graph 
G © G' is called the concatenation of G and G'. 

In the description of K k £-interval minor free graphs below, we shall use the following 
simple observation, whose proof is left to the reader. Let (G]A, B) and (G 1 ', A ', B') be 
vertex disjoint K k (-interval minor free bipartite graphs with k > 2 and £ > 2 such that 
the z-th vertex of the first k — 1 top vertices in A and the z-th vertex first k — 1 bottom 
vertices in A! are identified to a new vertex, where 1 < i < k — 1, and the i- th vertex of 
the first k — 1 top vertices in B and the z-th vertex first k — 1 bottom vertices in B' are 
identified to a new vertex, where 1 < i < k — 1. Then G © G' is also A^-interval minor 
free. 

Lemma 3 Let p and q be positive integers, and let k and £ be two positive integers with 
p = {£ — k)r + e, where k — 1 < e < £ — 2. Then 

m(p, q, k,£) >{£- 1 )(p - k + 1) + q(k - 1). 

Proof. We introduce a family of A^-interval minor free bipartite graphs which would 
turn out to be extremal. Let £ > k and let p and q be positive integers and let r = 
[(p — k + !)/(£ — k )J and s = [(q — k + l)/(£ — k)\. We can write p = [£ — k)r + e a nd 
q = {£ — k)s + /, where k — 1 < e < £ — 2 and k — l<f<£ — 2. 

Suppose now that r < s. Let Hq be K e ^_i and let Hi be a copy of \ for 

1 < i < r. The concatenation 


H = H 0 © Hi ® • • • ® H r . 

is Afc^-interval minor free by the observation preceding this lemma. It has parts of sizes 
p and q' = {£ — k){r + 1) + {k — 1). It also has r(£ — k)(£ + k — 2) + e(£ — 1) edges. Finally, 
let H + = K k _i q _ q i + ^ k _ 1 y The graph H P)q {£) = H + © H has parts of sizes p, q and has 
(£ — l)(p — k + 1) + q(k — 1) edges. Therefore, m(p, q, k,£) > (£ — \)(p — k + 1) + q(k — 1)J 

Summing up, Lemmas Q] and [2] justifies Theorem [Hi) and Lemmas CD and [3] justifies 
Theorem [U)2). This completes the proof of Theorem [Q 


3 Proof of Theorem [2] 

The proof of Theorem [2] follows immediately from the following two lemmas. 
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Lemma 4 Let 771 , 772 , ••• ,nt and ^ 1 ,^ 2 ,* *• ,£t be positive integers such that n\ < n2 < 
■ ■ ■ < nt, and £\ < £2 < ■ ■ ■ < It ■ If ni < £i +1 for 1 < i < t — 1 , then 


m{n\,n 2 , ■ ■ ■ , n t , £ u £ 2 , • • • ,£ t ) 

(22 [ 22 nfcN ) " nin 2 + (^! “ 1 ) n 2 + ( n l -h + 1)(^2 - !)• 

\i=l / \fc=i+l / 


Proof. It suffices to present a complete i-partite graph that is Kf lt £ 2 ... -interval minor 
free. Let (G; A\, A 2 , ■ ■ ■ ,A t ) be a complete i-partite graph such that for each i with 
1 < i < i, the partite set A* has a liner ordering v^i < Vi t 2 < ■ • • < and such that 


E(G) = {v lti V2,j 11 < i < ni, 1 < j < £2 - 1 } (3.3) 

A{vi,i h V2,j £2 < J < ri2, 1 <h<£i- 1, i h € {1, 2, • • • , m}} 

u {v i} rVj :S I 3 <i,j <t, 1 < r < m, 1 < s < Uj, i / j} 

U {vi tV Vj jS | 3 < j < t, 1 < r < m, 1 < s < n-j } 

U{'C2,r'^.s | 3 < J < i, 1 < r < 77,2, 1 < S < Uj}. 


By (13.31) . G[A\ U A 2 ] is a complete bipartite graph defined in Example [3j As in Lemma 
El (G; Ai, A 2 , ■ ■ ■ , A t ) defined this way represents a family of ordered multipartite graphs. 
We will also use (G; A\, A 2 , • • • , A t ) to denote any one in this family. 

We claim that G is £ 2 ^-interval minor free. Assume, to the contrary, that G 
contains a £ 2 ... ^-interval minor ( H ; A!^, A' 2 , ■ ■ ■ , A ' t ), such that for some permutation t 
on the set {1, 2, • • • , t}, A! { C A T ^ as a linearly ordered subset and \A'f\ = £i, for 1 < i < t. 
For 1 < i < t — 1, since nt < £i+\, it follows that A[ C At. Since H = K^^... j t is a 
Kh e 2 — &-interval minor of G. it follows that G[A\ U Af\ contains a complete bipartite 
graph K£ lt £ 2 as its subgraph, contrary to Lemma Efi) ■ As direct computation yields 


|E(G)| 


X>) 

k=i -\-1 / 

E-) ( E •* 

,i=l J \k=i+\ 



771772 + (£2 — 1)^1 + ( t 7 2 — £2 + 1)(^1 - 1 ) 


77l77 2 + {£l — 1)772 + (n 1 — £\ + 1)(^2 - 1), 


it follows by definition that 


777(771,772, ■ ■ ■ ,n t ,£i,£2, ■ ■ 


,£t)> 




— 77i77 2 + (£l ~ 1 )77 2 + (u\ —£\ +1) (£ 2 -1). 
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Lemma 5 Let n\,n 2 ,--- ,nt and 4,4r" At be positive integers such that n\ < n 2 < 
■ ■ ■ < nt and £\ < l 2 < ■ ■ ■ < it- Then 

m(n 1 ,n 2 , ■ ■ ■ ,n t ,£ 1 ,i 2 , At) 

< ((^2 nfcN ) ~ nin2+_ i ) na +( ni ^ a +1)^2 - 1 ). 

V i=l J \k=i+1 / 

Proof. Let (G; Ai, A 2 , ■ ■ • ,-At) be a f-partite graph such that G is Kf A j 2 ... -interval 
minor free. Then there exists a bipartite graph (G; A*, Af) in G induced by the vertices in 
Ai U Aj such that (G; Ai,Aj) is K^.- interval minor free, where 1 < i A j — t. Without 
loss of generality, let (G; Aj, Aj) be l'Q 1 ^ 2 -interval minor free. By LemmaHJ we have 

m(ni, n 2 Ai, £ 2 ) < (£2 ~ l)(ni - 4 + 1) + n 2 (£i - 1), 


and hence 


m(ni,n 2 , ■ • • ,n t ,4,4, • • • At) 

< (4 - l)n 2 + (n\ - 4 + 1)(4 - 1) + ( ^ 


't -1 


m 


\ 1=1 


^2 n k ) - nin 2 , 

^fc=i+l / 


as desired. 
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